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We consider the steady-state transverse oscillations of a homogeneous
isotropic plate of constant thickness which occupies an arbitrary simply
connected region. The edges of the plate are assumed to be simply
supported. The general case of static bending of a plate occupying an
arbitrary (simply or multiply connected) region was studied before by
Sherman [1,2]. The representations of the unknown regular functions pro-
posed by him were successfully applied in the final stage of the present
investigation of steady-state oscillations, This way, the problem was
reduced to the solution of & Fredholm’s integral equation of the second
kind.

1. Let the middle surface of an oscillating plate occupy an arbitrary
simply connected region S in the complex plane z = x + iy; the origin
is assumed to be located within the region S. Moreover, we assume that

the contour L, which bounds the region, has a differentiable curvature.

In order to find the amplitude of the oscillations u(x, y), it is
necessary to solve the following differential equation in the region S:
g¢ 3 phvi\'
(a=gm+am 2=(7)")
Here, g¢(x, y) and v are the amplitude and frequency of oscillations

of the transverse load, p is the density, h and D are, respectively, the
thickness and the flexural rigidity of the plate,

g {z, ¥
D

AN~ My = (1.1)

Besides equation (1.1), the amplitude u(x, y) must also satisfy the
boundary conditions on the contour L
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oAu |, du Pu | Pu
u =0, m+'a?cosze+m"y51n29 +5‘y'2“51n29 =0 (1.2)

Here, 0 is Poisson’s ratio and © is the angle between the outward
normal to the contour and the abscissa.

Let us differentiate the first boundary condition (1.2) twice with
respect to the contour arc s and add it to the second condition, term
by term. Let us join the new boundary condition thus obtained and the
first boundary condition (1.2); we take this set as the new modified
boundary conditions (obviously, equivalent to the original ones).

In the complex form they are written down as follows*:
Pu L,0u | —du 4
u =0, G(u):%at—a—t‘i—t“g‘-{-t éf:_—o <x=1—_——6> (1.3)

where t is the complex coordinate of a point on the contour, the primes
designate differentiation with respect to the arc s.

Furthermore, we introduce a new function w(x, y) by the formula

u(z,y) =w(xr,y) +w (2, y) — lw(e) +wy ()] Jo (Ary) (1.4)
(’a = V(T — z9)® + (¥ — yo)?)

Here, wo(x, ¥) is the particular solution of the nonhomogeneous equa-
tion (1.1) and JO(Ara) is the Bessel function of order zero; moreover,
a = x, + iyo is the affix of the fixed point of the contour from which
the arc length is measured; w(a) and wy(a) are the values of functions
w(x, y) and wo{x, y) at point a. Instead of the first boundary equality
(1.3) let us take the following condition:

du /[ ds + Re@’ (0) =0 (1.5)

where ¢'(0) is the value of the derivative at point z = 0 of a certain
function ¢(z) (defined below), regular in the region S. The following
condition ensues from relation (1.5) [1,2]:

Reg’ (0) = O (1.6)

Indeed, the first term of relation (1.5) is the total differential
with respect to the arc s of a certain continuous and single-valued
function; therefore, integrating relation (1.5) with respect to the arc
s along the closed contour L, and bearing in mind that the function

* A similar modification of the boundary conditions was used in the
solution of the-static problem of bending of a simply supported
plate [1,2]. The purpose of such a modification is explained in [2].
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u(x, y) is single-valued, we arrive at condition (1.6). Let us note that
the fulfilment of the last condition will guarantee the solvability of
the integral equation which will be obtained below.

We substitute the value of the amplitude u(x, y) from (1.4) into
equation (1.1), the boundary relation (1.5) and the second condition
(1.3). As a result, we obtain a homogeneous equation for the auxiliary
function w(x, y)

AAw —Mw = 0 (1.7
with boundary conditions
dw [ 3s 4 Aw (a) Jy (Arg) cos @ + Req’ (0) = f, (2) (1.8)
G W) —wla) G[JyArg)] = f3 (1) (1.9)
Here
fy (@) = — 9wy [ 8s — Awy (a) Jy (Arg) €0s Q, fo (1) = — G (wo) 4 wo (@) G [Jy (Arg)]

(R is the angle between the vector t — a and the tangent vector to the
contour L at point t oriented in the positive direction of the contour
line). Obviously, the function u(x, y) expressed in terms of w(x, y) by
means of relation (1.4) is the solution of the original problem. Indeed,
by virtue of (1.7) and (1.9), u(x, y) satisfies the nonhomogeneous equa-
tion (1.1) and the second boundary condition (1.3). Moreover, it follows
from relation (1.5) that u(x, y) has a constant value on the contour L.
In so far as the right-hand side of relation (1.4) becomes equal to zero
at point z = a, we conclude that the function u(x, y) will also satisfy
the first boundary condition (1.3).

Note. In the solution of the static problem of bending of a plate,
the first condition (1.3) may be satisfied up to an arbitrary constant.
Therefore, it can be replaced by the condition that the derivative of
the deflection with respect to the contour arc s be equal to zero. Such
modification leads to a change of solution by a constant in the entire
region, which corresponds to the rigid displacement of the plate in the
direction of its normal. However, in the problem of forced oscillations
it is necessary to ensure the exact fulfilment of both conditions (1.3);
in that case, the change of the first boundary condition (1.3) by a con-
stant results in a change of the solution by a function different from
constant within the region S. In order to avoid that, one has to intro-
duce an auxiliary function w(x, y) by means of a specially chosen rela-
tion (1.4).

2. Let us proceed to the determination of the function w(x, y). First
we combine the two real-valued boundary conditions (1.8) and (1.9) into
one complex equality as follows:



1146 A.I. Likhoded

ow 1
5. T G @) +w(a) f3(8) + Req’ (0) = 5 1 (2 (2.1)

Here
fa () = My (Arg) cos Q — iG [Jo (Arp)], FO =210h@®+ ifa (] 2.2)
LLet us use the general representation of the solutions (1.7) given
by Vekua [3]
1
w (z, ) = Im {x(z)— zsz (23) Py [22 (1 — ©)] dx +
0

1

47 (2) — 22 S(p (z2) P, [25 (1 — 7)] dt} 2.3)

0
Py =7 (“/x);;h aVa Py = OV =16V

Here, ¢(z) and Y(z) are arbitrary functions, regular in the region S,
Ji(A xz) and Ii(h x) are, respectively, ordinary and modified Bessel
functions (¢t = 1, 2).

Furthermore, we substitute the derivatives Jw/dz, Ow/0%, 2%w/0:0%
from (2.3) into the boundary condition (2.1); we replace the functions
PO[zZ(l —~ 1) and Pl[z?(l - T)] by their expansions into series. Thus we
arrive at the following boundary value problem for the two functions
@(z) and ¥(z), regular in the region S:

x g () —¢ O ta @By —B @1 @ +2Req (0) +wla)fy () + (2.4

1

+S % (1) Ky (8 ©) -+ x (67) Kot t) + @ (tn) Ky (4 1) -+ @ (1) Ky (6, )] de = [ ()
0

In this boundary condition, the following designations were used:

a () =1 — ity PO =t"—ith YW =9 O— 1@ OD—v@ ¥O=%p®

(e o) 1—_ k
Ko =2 S (k!):) Ay () (i =1,2,3,4)
k=0
- " t s,
Ay () :Lu’%i(fr)ﬂ b (1) + ag (O a (1), ap () = §< i ) (1— (%Dkl
1)t - 1 x2ﬁ k+1
Ag () = — [x +0;c—(+17] by () — ey ()P (1), by () = g (T) [+ (— D]
_(r B0 a (o ()
Agi () :‘{["“L k+3]k+2+ k1 }
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A = = o[fut O] O | 2w

It is easy to see that the series Ki(t, T), under the integral siegn,
are absolutely and uniformly convergent, so that Ki(t. T) are continu-
ous functions of ¢ and 1. It is a favorable circumstance in this case,
that all the extra-integral terms of the boundary condition (2.4) are
generated exclusively by the extra-integral terms of the representation
(2.3). At the same time it is easy to observe that the extra-integral
terms of expression (2.3) coincide with Goursat’'s representation for
the biharmonic function. As a result, the first three terms of the bound-
ary value problem (2.4) formally coincide with the corresponding terms
of relation (1.7) in [1]. Thus, in the solution of the boundary value
problem (2.4) one can use representations for the functions ¢(z) and
$(z) contained in [1]

e@) = 10®6,® +o®0s @1 F ¢, 2 db @5)
L
12 =\1o®R &2+ 0® R ¢ 2] db (2.6)
L
v ={lo®H G+ ® H G 2] d @7
L

Here, w(£) is the density which has to be determined. The meaning of
the other functions contained in (2.5), (2.6) and (2.7) is as follows:

0@ = i+EE, 0@ =—i+F, FE =gy —t+(1—F)]
RBE)=—E0,0 E—2FED+PETE?
Re(E,d=—E%6, D E—FE 2+ QE®TE 2

28, i B
A= O (i )@= 1) P @ = e b — 56,0
2 z 1 1 — =
M= ®n(1- )+ o (g—_—.—;—g), Q®) = pop WE — £6, BN

4

T@ﬂmmh@-@~€

Under 1n(1 - z§'1) we understand a branch which becomes equal to
zero for z = 0.

In the representations (2.5), (2.6) and (2.7) and in the expression
for Q'(z) we let z — t, where t is a point on the contour L; we sub-
stitute the obtained limiting values into equality (2.4), also changing
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the order of integration. The form of the representations (2.5), (2.6)
and (2.7) turns out to be such that, upon their substitution into the
boundary relation (2.4), the ensuing combinations of integrals in the
sense of principal value according to Cauchy, lead, as a final result,
to regular integrals; therefore, for the determination of the density
w(t) we obtain a Fredholm’s integral equation of the second kind with
continuous kernels

o (1) +S @& IME )+ ME+o B IVE O+ N E 0 dd+
L
+ 0o @), ]+ wio®),al /() =t ® (2.8)

The functions M({, t¢) and N(§, t) appearing here, completely coincide
with the kernels of the integral equation of the statical problem for a
simply connected region, and the operator O{m(ﬁ), t] coincides with the
corresponding operator of the statical problem (1

M0 =mE 0+ n g i+ 200 2.9)
NED=nGo+ne g+ e

Ba(E, 0 — W0, (00b(E 0

vy (E, t) = 791

2 (5, ) =00, (06 0 —E28,(0a(C, 0

4mc 1 — (2/8)
§_;}a(g,z)... i»}-ln—-—-————m,

hE D =4~,—, (=8, B+, IF —dE 0] — 8, c(E D)

(& D) =al2 22 ﬁg

| P e
LG =3{0,0+0, 0 —cEn—10,(ndE n}
1 e
pE D= EE,E -8, 0] — 8 80,5 — 0, 01 (2.10)
1 1
e =5E—00,(8), dE)=5E—00,(01

 — — —
g1 (& 0 = 7 101 (9 02 (8) — 878, (1 6, ()]

| — —
72 (5, 1) = 5 (20, (1) 6, (B) — ¢80, (10, (B)]

Olo (), t} =EU8, () —Et'8,(t) + 2 Re g’ (0,0 (B)]
£dE
3

1
L= 4mc§{0) (B) e — 82 (B)] +o (B) [xE' — E0, (B)]}

It is clear that if the curvature of the contour L is differentiable,
the function p(§, t) (2.10) for § = t has a zero of the first order,
and the third terms in (2.9) are bounded functions of § and t.
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The additional terms M1(§, t) and Ni(§, t) are given by the follow-
ing rapidly convergent series:

o 1 [
My &) =2 D) s [y (0 B (6, ) + Ay (0 3B 8, 0+

k=0

+ Ay (00, () B, 0+ 4,0 F26:8) B ¢, 0] (2.11)

o 1 o ———
N0 =2 Y am iy OB G )+ 450 PRV E 9 +

k=0

Ay (00, () BY (8 + A, (0 ER6,(B) B,® &, 1] (2.12)

The values of B,'*)(E, ¢) (i =1, 2, 3) are given by the integrals

-

1
B, (&, 5 = \ (1 — ) R, &, to) de, B 1) = S (1 — )*Ra (8, 1) dz
0 0 (2.13)

i
BOE, ) = S (A — o)FF (&, 1) de

0

Carrying out the integration with respect to T in (2.13) we will have
BWYE =6, & 0—P®E 2, &0
I 1 i
BPE ) =60 E—Q®2Z,E0 BYEI= [Bk €0 — m]

and the quantities which appear here are

N . {Bg) & 0 E—)+iBy,, P &, m}

1 1
@@nmm®ﬂ+ggiﬁﬁ$%

k e
==Y (- - B plevs (47

The functional wfm(g), a} (equal to the value of function w(x, y) at

point z = a) contained in (2.8) is defined by formula (2.3) for z = a.

Let us now discuss the solvability of the integral equation (2.8).
Following the method shown in [4], we will utilize the proof of solv-
ability of the integral equation for the corresponding statical problem
given in {11. It follows from the relations for M1(§, t) and N}(§, t)
given above, that the kernels of equation (2.8) are integral functions
of the parameter A. Por A = 0 the functions M, b, N.(§, t) and f3(t)
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vanish and the integral equation (2.8) becomes coincident with the equa-
tion of static bending of a plate mentioned above. Hence, by virtue of
the theorem of Tamarkin [5]. there follows the solvability of the inte-
gral equation (2.8) for almost all values of the parameter A.

In the case where A does not coincide with the pole of the resolvent
of equation (2.8), we first find the density w(t) from (2.8); then from
relations (2.5), (2.6), (2.7) and (2.3) we successively determine the
functions @(z), X(2), y(z) and w(x, y).

3. The particular solution wol{x, ¥) of the nonhomogeneous equation
(1.1), containing an arbitrary differentiable function ¢(z, y) on the
right-hand side, can be taken in the following form:

o (2, 3) = — ng [Fran+kon)s@maa @y

Here

Y (i) = Yo (1) — 7, ) (In

m|>'“4>’
+
S

K () = Ko () + I, () (In

r=Ve—8+@— )

YO(Ar) and Kofhr) are, respectively, ordinary and modified Bessel func-
tions of the secomd kind, and C is Fuler’s constant. The integration is
carried out over the region S in which the distributed load is given.

Bearing in mind that the expression in square brackets under the
integral sign in (3.1) for r — 0 has a singularity of the type rZ 1n r,
we easily verify that the function wolx, ¥) does satisfy the non-
homogeneous equation (1.1).

The particular solution, taken in the form (3.1), allows a passage
to the limit for A — 0. Thus we obtain the particular solution of the
nonhomogeneous biharmonic equation

i 3
o (21 3) =8—,;§S§q(§, W (I r— ) dt an

In conclusion I express my appreciation to D.I. Sherman for his
steady attention to this paper and for valuable suggestions.
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